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In Einstein gravity, gravitational potential goes as 1/rd−3 in d non-compactified spacetime di-
mensions, which assumes the familiar 1/r form in four dimensions. On the other hand, it goes as
1/rα, with α = (d− 2m− 1)/m, in pure Lovelock gravity involving only one mth order term of the
Lovelock polynomial in the gravitational action. The latter offers a novel possibility of having 1/r
potential for the non-compactified dimension spectrum given by d = 3m+1. Thus it turns out that
in the two prototype gravitational settings of isolated objects, like black holes and the universe as
a whole — cosmological models, the Einstein gravity in four and mth order pure Lovelock gravity
in 3m+1 dimensions behave in a similar fashion as far as gravitational interactions are considered.
However propagation of gravitational waves (or the number of degrees of freedom) does indeed serve
as a discriminator because it has two polarizations only in four dimensions.
I. INTRODUCTION
For any metric theory of gravity what is required is construction of a divergence free second rank symmetric tensor
from the metric and curvature alone. It can be achieved in two possible ways: (a) varying the action, which is an
invariant quantity constructed from Riemann curvature and the metric, (b) by making trace of Bianchi derivative of a
properly defined “Riemann tensor” to be vanishing. For Einstein gravity, variation of the Einstein-Hilbert action with
respect to metric tensor or trace of Bianchi identity of Riemann tensor, both lead to Einstein’s equations [1–3]. In
order to obtain physically meaningful solutions with proper initial value problem ensuring unique evolution as well as
absence of ghosts, it is imperative that equations of motion continue to remain second order as is the case for Einstein
gravity. The key requirement is that it should remain so even when we go to higher orders in the Riemann tensor.
This requirement uniquely singles out Lovelock polynomial action that always yields second order gravitational field
equations [4–6]. Lovelock action is essentially a sum of dimensionally continued Euler densities, being of orderm (≥ 0)
in curvature, such that m = 1 gives the Einstein-Hilbert Lagrangian, m = 2 provides the Gauss-Bonnet Lagrangian
and so on. Alternatively, it is possible to define mth order Lovelock “Riemann” tensor [7–9] and trace of its Bianchi
derivative yields a divergence free second rank symmetric tensor, an analogue of Einstein tensor, as obtained from
variation of mth order Lovelock action.
Lanczos-Lovelock gravity is important for various reasons. It is generally believed that Einstein-Hilbert action is an
effective action, valid at small enough energy (or large length) scales. At high energy, near the Planck scale gravity
cannot be described by Einstein-Hilbert action alone but should be supplemented by higher curvature terms1. For
example, supersymmetric string theory exactly reproduces Gauss-Bonnet term as quadratic correction to Einstein-
Hilbert action [10]. Further thermodynamic interpretation of Einstein’s equations generalize in a straightforward and
natural but non-trivial manner to Lanczos-Lovelock gravity. The same is true for other correspondences between
thermodynamics and gravity in the context of general relativity as well [11–14]. Finally pure Lovelock theories, i.e.,
a single term in the Lovelock polynomial, exhibit very interesting features. These include — (a) there is a close
connection between pure Lovelock and dimensionally continued black holes [15, 16], (b) gravity is kinematic in all
critical d = 2m + 1 dimensions, i.e., vacuum is pure Lovelock flat [17], (c) bound orbits exist for a given m in all
2m+ 1 < d < 4m+ 1 dimensions, in contrast, for Einstein gravity they do so only in four dimensions [18] and finally
(d) equipartition of gravitational and non-gravitational energy defines location of black hole horizon [19].
There have been various other interesting results in the context of cosmology within the Lovelock gravity, in
particular the Einstein-Gauss-Bonnet gravity. For example, the scheme of dynamical compactification in higher
curvature gravity introduced in [20] has been applied to Einstein-Gauss-Bonnet gravity in higher dimensions to
obtain exact solutions in various cosmological models [21–25]. The dynamical compactification scheme has also been
applied in numerical investigations of cosmological scenarios in [26, 27]. In particular it has been observed in [28] that
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1 Note that, requiring the field equations to be of second order uniquely singles out Lanczos-Lovelock Lagrangian from all other possibilities.
2one can have standard Friedmann dynamics even though the gravity theory is that of Einstein-Gauss-Bonnet. It has
also been noticed that in higher curvature gravity in higher dimensions the approach to big bang singularity has some
discerning features in comparison to four dimensional gravity [29]. However all the above works had Einstein-Gauss-
Bonnet gravity as the background stage, also the results derived depend crucially on the compactification scheme
while here we are concerned with a single term in the Lovelock polynomial and without any compactification scheme.
To these interesting features alluded above we wish to add in this note yet another interesting property of pure
Lovelock gravity. In Einstein gravity potential goes as 1/rd−3 that takes the familiar 1/r form only in four dimensions
and none else. In contrast, for pure Lovelock it goes as 1/rα with α = (d − 2m − 1)/m [15], and hence there exists
dimension spectrum d = 3m+ 1 for 1/r potential. It should be emphasized that we are interested in exact solutions
of gravitational field equations, not just Newtonian limit and hence must be contrasted with earlier approaches in
[30, 31]. It is also possible to arrive at a similar situation in the weak field if the higher dimensional spacetime is
assumed to be fractal in nature. However as demonstrated in [32], in order to arrive at a 1/r gravitational potential it
was necessary to work in five dimensions with some particular choices related to the fractal structure of the spacetime
(see also [33–36]). However, the scenario we are interested in is completely different conceptually, as the spacetime
manifold in consideration does not posses any fractal structure and the solution is derived from the fully non-linear
theory in a series of spacetime dimensions. In our case the existence of 1/r potential is solely due to modified gravity
theory rather than modified structure of spacetime manifold.
Therefore, the above feature can happen only in pure Lovelock gravity and hence this is also a nice distinguishing
property for pure Lovelock theories. What it means is that, from a purely gravitational standpoint there is no way
to fathom from solar system observations whether it is four dimensional Einstein or seven dimensional pure Gauss-
Bonnet or in general (3m+1)-dimensional pure mth order Lovelock gravity. Further, it also turns out, that the same
result applies to cosmological scenarios as well. In particular, in this work we have demonstrated that not only for
dust but also for a linear equation of state parameter, which is being regularly considered in standard cosmology, the
behaviour of the universe (as far as the gravitational sector is concerned) in pure Lovelock theories in d = 3m + 1
is indistinguishable from that of general relativity in four dimensions, except for propagation of gravitational waves
which would have two polarizations only in four dimensions and none else.
Hence from purely gravitational standpoint, one cannot distinguish between any member of the mth order Lovelock
in d = 3m+1 dimensions. The discerning features do however come from two counts: (a) propagation of gravitational
wave, and (b) introduction of matter fields. It turns out that gravitational wave can have two polarizations only in
four dimensions. On the other hand, for existence of atoms, it is necessary that Maxwell field should admit bound
orbits around a static charge which again can happen only in four dimensions. Thus these two features root us firmly
to four dimensions which is in consonance with the standard paradigm of higher dimensional theories, where it is
envisaged that all matter fields remain confined to the usual four dimension (termed as 3-brane) while gravity is
however free to propagate in higher dimensions. Therefore, at least, whether from a gravitational viewpoint we may
as well be living in a higher dimensional spacetime rather than the usual four with gravity being described by pure
Lovelock instead of Einstein gravity, is the question we wish to pose and wonder about in this note.
II. LOVELOCK GRAVITY
In a d-dimensional spacetime, gravity in general, can be described by an action functional involving arbitrary scalar
functions of metric and curvature, but not derivatives of curvature. In general, variation of this arbitrary Lagrangian
would lead to an equation having fourth order derivatives of the metric. For it to be of second order, gravitational
Lagrangian is constrained to be of the following Lovelock form,
L =
∑
m
cmLm =
∑
m
cm
1
2m
δa1b1a2b2...ambmc1d1c2d2...cmdmR
c1d1
a1b1
Rc2d2a2b2 . . . R
cmdm
ambm
, (1)
where δpq...rs... stands for completely antisymmetric determinant tensor. The case m = 2 is Gauss-Bonnet Lagrangian
which is quadratic in curvature and reads as LGB = (1/2)(R
abcdRabcd − 4R
abRab +R
2). Remarkably it also appears
in the low energy effective theory of supersymmetric strings, as first pointed out in [10]. Lovelock Lagrangian is a
sum over m where each term is a homogeneous polynomial in curvature and has a dimensionful coupling constant.
Further, complete antisymmetry of the determinant tensor demands d ≥ 2m, else it would vanish identically. Even
for d = 2m Lanczos-Lovelock Lagrangian reduces to total derivative — pure surface term. Lovelock Lagrangian Lm
is therefore non-trivial only in dimension d ≥ 2m+1. Note that pure Lovelock gravity is kinematic in all critical odd
d = 2m+1 dimensions because mth order Riemann is entirely given in terms of corresponding Ricci, hence it has no
non-trivial vacuum solution [9, 15]. Thus non-trivial vacuum solutions only exist in dimensions d ≥ 2m+ 2. Finally,
variation of the Lagrangian with respect to metric variation, for pure Lovelock theories lead to the following second
3order equation,
(m)Eab ≡ −
1
2m+1
δac1d1...cmdmba1b1...ambmR
a1b1
c1d1
. . . Rambmcmdm = 8piT
a
b . (2)
Since there appears no derivatives of curvature, hence the equation is as expected of second order. Though not directly
visible, second derivative too appears linearly; i.e., it is quasilinear, thereby ensuring unique evolution.
III. BLACK HOLES
Let us now consider pure Lovelock vacuum spacetime and write spherically symmetric metric in Schwarzschild
gauge incorporating the null energy condition, as given by
ds2 = −f(r)dt2 +
dr2
f(r)
+ r2dΩ2d−2, (3)
where f(r) = 1 + 2Φ(r) and dΩ2d−2 is metric on (d − 2)-sphere. Then the equation,
(m)Ett = 0 could be trivially
integrated as it takes the simple form (rd−2m−1Φm)′ = 0 where prime is derivative relative to r, and so we obtain
Φ(r) = −
M
rα
, α = (d− 2m− 1)/m, (4)
whereM is a constant of integration which identifies tomth root of the ADM mass [5]. In general for static spherically
symmetric metric in Schwarzschild gauge, the equation (m)Ett = 0 is the first integral of
(m)Eθθ = 0, and so we have
complete vacuum solution for pure Lovelock static black hole [15].
Clearly there is no way to distinguish between four dimensional Schwarzschild black hole and (3m+1) dimensional
mth order pure Lovelock black hole because the gravitational potential goes as 1/r for all of them. It is worth
emphasizing that it is not only the Newtonian limit that behaves as 1/r, but the full non-linear Lovelock field
equation that has the following exact solution,
ds2d=3m+1 = −
(
1−
2M
r
)
dt2 +
(
1−
2M
r
)−1
dr2 + r2dΩ23m−1 (5)
such that on the four-dimensional hypersurface characterized by θ3 = θ4 = · · · = θ3m−3 = pi/2, the spacetime
metric is identical to the Schwarzschild solution in four spacetime dimensions. Note that we have not employed any
compactification scheme in order to arrive at this solution. Hence any observable tests in solar system physics cannot
distinguish between mth order Lovelock gravity in d = 3m+ 1 dimensions and Einstein gravity in four dimensions.
As a matter of fact dimensional spectrum is given by d = (2 + α)m + 1 corresponding to a given value of α. The
choice α = 2 at the first level corresponds to five dimensional Einstein with dimensional spectrum d = 4m+ 1 while
α = 1/2 for six dimensional Gauss-Bonnet with dimensional spectrum d = 5m/2 + 1. Also note that since horizon
structure and potential are the same, all properties associated with horizon, e.g., Hawking radiation, should remain
the same. Another test that can distinguish these two black holes may be black hole entropy. But remarkably in the
case under consideration, entropy density of the black hole goes as product of (m− 1) curvature, each of which scales
as r−3(m−1) for d = 3m + 1, while area element scales as r3m−1 and hence entropy would always scale as r2h, where
rh is horizon radius irrespective of Lovelock order m. For pure Lovelock static black holes, it has been shown that
thermodynamical parameters, temperature and entropy bear the same relation to horizon radius in all critical odd
and even d = 2m+ 1, 2m+ 2 dimensions [37].
The next question arises, would black hole, like Schwarzschild in four dimension, be stable in higher dimensions?
In stability analysis one decomposes metric perturbations into three types, tensor, vector and scalar perturbations
[38–40]. Stability analysis of Lovelock gravity black holes under scalar, vector and tensor perturbations was carried
out in [41], which was further particularized to pure Lovelock black holes in [42]. Under metric perturbation, Riemann
tensor and hence all geometric constructs will be perturbed. Using which one can obtain a master differential equation
for perturbation, which is like Schro¨dinger equation with a potential. Only when corresponding differential operator
is a positive (or zero) self-adjoint operator, solutions will be perturbatively stable if and only if there are no negative
eigenvalues. This in turn leads to the following condition
d− 3m− 1
mr
≥ 0. (6)
4Clearly it would be stable for d ≥ 3m+ 1 which means α = (d− 2m− 1)/m ≥ 1. Also note that the same conclusion
was drawn from a different perspective for stability of small black holes [43] in generic Lovelock theories. This is
another interesting feature of our work. The above result explicitly shows that black hole for Einstein gravity in four
or higher dimensions is always stable because α ≥ 1, while it is unstable for pure Lovelock gravity in all the critical
even d = 2m+ 2 dimensions 2 for which α = 1/m < 1 [42]. Thus the determining factor is α ≥ 1. Since it is stable
under tensor perturbations and hence it would be so for vector perturbations as well.
The final question corresponds to the weak field limit of gravity, which is generally obtained by assuming the metric
to be a perturbation over a flat background, i.e., gab = ηab + hab with |hab| ≪ 1. In general Lovelock polynomial the
Einstein-Hilbert term is always present, thus the weak field limit will contain linear order terms in the perturbation.
However in the case of pure Lovelock theories only a single term in the Lovelock polynomial is present, there is no
term linear in hab because curvature tensor for the background geometry vanishes. For “m”-th order pure Lovelock
theories the weak field limit would correspond to a differential equation having m powers of the perturbation hab.
For example, in the case of pure Gauss-Bonnet gravity the gravitational field equation in the weak field limit would
involve terms like (1/4)h¯abh¯
ab, ∂a∂bh¯cd∂
m∂bh¯cd and so on, where h¯ab = hab−(1/2)ηabh [44]. Hence the Newtonian
limit is not reproduced.
This suggests that for Lovelock gravity, perhaps one should consider perturbation around constant, not zero,
curvature spacetime; i.e., dS/AdS which would yield non-trivial equation. For that purpose we write gab = g¯ab + hab,
where g¯ab is the background dS/AdS spacetime and hab is the perturbation. Then the curvature tensor to leading
order in the perturbation leads to,
Rabcd = Mδ
a
c δ
b
d +
1
2
∇c
(
−∇ahbd +∇dh
ab +∇bhad
)
− (c↔ d) (7)
where M is proportional to the Ricci scalar and hence to the cosmological constant. Use of this expansion leads to
the following expression of the field equation expanded upto first order in the perturbation from Eq. (2) as,
−
Mm−1
2
× δaa1b1...ambmbc1d1...cmdm δ
c2
a2δ
d2
b2
. . . δcmamδ
dm
bm
[
δc1a1δ
d1
b1
+
1
2
∇a1
(
−∇c1hd1b1 +∇b1h
c1d1 +∇d1hc1b1
)]
= 8piT ab (8)
One can evaluate the left hand side explicitly. The first term will lead to the standard cosmological constant con-
tribution, which as subtracted away will lead to the following evolution equation of the perturbation in vacuum
spacetime
h¯ab = 0 (9)
where h¯ab = hab − (1/2)g¯abh and we have used the gauge condition ∇ah¯
ab = 0. The above expression is essentially
the same as the one obtained from Einstein gravity in the weak field limit. Thus in presence of cosmological constant
the weak field limit of Einstein gravity can be reproduced.
This clearly shows that pure Lovelock gravity picks out constant curvature spacetime as background rather than
the flat Minkowski. In this context it is interesting to note that on inclusion of Λ we shall have f(r) = 1 − (Λr2m +
M/rd−2m−1)1/m which for large r goes to f(r) = 1 − Λ¯r2 − 2M¯/rd−3 [15]. This is the d-dimensional Einstein-dS
solution. It is remarkable that even though there was no Einstein term in the equation of motion yet the solution
goes over to Einstein-dS asymptotically.
At this stage, let us summarize the key results that we have arrived at in the context of black holes in pure Lovelock
theories. First of all, it is possible to have exact Schwarzschild solution on a four dimensional hypersurface for mth
order pure Lovelock gravity in d = 3m+ 1 dimensions. Secondly, the semi-classical properties of the spacetime, e.g.,
Hawking radiation and black hole entropy for this (3m+1) dimensional Lovelock black hole remain indistinguishable
from the four dimensional Einstein gravity. Moreover it turns out that the black hole in (3m+1) dimension is indeed
stable alike the Schwarzschild solution in four dimensions. Finally correct weak field limit in these theories can also
be obtained when expanded around de Sitter or anti-de Sitter solution.
Since the weak field limit of pure Lovelock gravity is identical to that of Einstein, it would be interesting to
understand the propagation of gravitational waves in higher dimensional pure Lovelock background, in particular the
2 Note that d = 3m + 1 is not the critical dimension for m
5structure of the corresponding quadrupole formula will be worth pursuing. Even without going into details, which
we keep for the future, one can provide some general comments. Note that presence of cosmological constant is
mandatory in pure Lovelock theories in order to arrive at the correct weak field limit, while the quadrupole moment
formula is derived in general relativity without a cosmological constant. Recently, there have been renewed interest
in the gravitational wave propagation in de Sitter spacetime, whose formulation differs quite significantly from the
standard scenario and results in a modified quadrupole moment formula [45–47]. Thus even in the context of pure
Lovelock theories the quadrupole formula will be different from the general relativity counterpart. However it would
be interesting to see does it bear any resemblance with the quadrupole formula for de Sitter spacetime or not? In
particular whether the dimensional spectrum also holds in this context?
IV. FLRW COSMOLOGY
From black hole we now come to cosmology and ask the question, would the standard FLRW cosmology remain the
same for the dimensional spectrum d = 3m+ 1? That means this feature is not only restricted to vacuum solutions
but is true for cosmology as well. Thus the standard FLRW metric for homogeneous and isotropic universe reads,
ds2 = −dt2 + a2(t)
[
dr2 + r2dΩ2d−2
]
. (10)
From Eq. (2) we obtain for Hubble parameter, H = a˙/a as,
H2m =
(d− 2m− 1)!
(d− 1)!
16piGρ, (11)
and for isotropic pressure
1
2
(d− 2)!
(d− 2m− 1)!
H2m−2 ×
[
2m
a¨
a
+ (d− 2m− 1)H2
]
= −8piGp (12)
Deriving the conservation equation from Eq. (11) and Eq. (12) is straightforward, one needs to take time derivative
of Eq. (11) and then use Eq. (12) to eliminate H˙ term, resulting in ρ˙+ (d − 1)(ρ + p)H = 0. Assuming an equation
of state p = ωρ with a constant parameter ω we obtain time evolution of scale factor as a(t) ∼ t2m/[(d−1)(1+w)]. It is
immediate that for d = 3m+1, one obtains a(t) ∼ t2/[3(1+w)], identical to the standard general relativistic cosmology
in these contexts.
Note that in the above cosmological scenario the equation of state parameter, ω can have any value including
1/3, 0,−1 respectively for early time radiation, non-relativistic dust fluid and the cosmological constant – the dark
energy. Thus it fully accords to standard cosmological model which does however have open problems of dark matter
and dark energy. For addressing these problems, one either seeks modification of gravity theory or some exotic
matter field. Our aim was not to address these questions instead to point out that there can exist exactly the same
cosmological scenario in higher dimensions in an appropriate gravity theory.
However all this would have been fine, had matter fields could have also existed in higher dimensions, which is
however not the case. Hence even though at face value the cosmological solutions are identical to their general
relativistic counterparts, inclusion of matter (in particular, radiation) acts as the discriminator. That is, our Universe
may be four dimensional with Einstein gravity or seven dimensional with Gauss-Bonnet gravity, and there is no way
to break this dilemma from a pure gravitational standpoint. But, introduction of matter clearly breaks it in favour
of 4-dimensional Einstein gravity.
V. DISCUSSION
There is a very strong and compelling observational evidence for 1/r potential in four dimensions in the framework
of general relativity which is a metric theory of gravity. It is curious to ask, could gravitational potential have the
same behaviour in any other dimension in some other metric theory? It is remarkable that the answer is yes, and it is
uniquely the pure Lovelock theory that offers a spectrum of dimensions, d = 3m+1 for which potential is indeed 1/r.
This means all gravitational observations, except the gravitational waves, involving stellar objects and black holes will
not be able to distinguish between any two members of this spectrum. Not only that, cosmological dynamics is also
driven by the same inverse square law and hence it is expected that should also remain the same. And that indeed is
the case as we have just shown above. Below we point out the main outcomes of this work:
6• We have explicitly demonstrated that the two most fundamental problems for a gravitational theory, namely
compact objects and cosmology might have the same dynamics for this dimensional spectrum from a purely
gravitational standpoint. This is a very important conclusion that simply follows from pure Lovelock gravity.
• We have also demonstrated that all the properties associated with the black hole horizon, e.g., Hawking radiation,
remains identical with the four-dimensional counterpart. Moreover, the horizon entropy would always scale as
r2h, where rh is the horizon radius, irrespective of the Lovelock orderm (also see, [37]). This is another intriguing
fact associated with the pure Lovelock theories.
• We have also shown that, when perturbed with respect to constant curvature background, the weak field limit
of Einstein gravity can be reproduced. It also follows that pure Lovelock static black hole solution with Λ,
asymptotically goes over to d-dimensional Einstein-dS solution [15]. It is intriguing that even though there was
no Einstein term present in the equation of motion, yet the solution goes over to Einstein-dS asymptotically.
In particular, purely based on gravitational observations it would be difficult to decipher whether it is the usual four
dimensional spacetime with Einstein gravity or ten dimensional spacetime with pure third order Lovelock gravity.
Besides the question of existence of matter in higher dimensions, there is yet another gravitational feature that may
also turn out to be a discriminator. It is the propagation of gravitational wave and its number of polarizations and
degrees of freedom. It had been argued that number of degrees of freedom in a d dimensional spacetime remain the
same as given by d(d−3)/2 for Einstein as well as Lovelock theory [48, 49], and it has recently been further reinforced
for pure Lovelock gravity [50]. In that case two polarizations for gravitational wave could only occur in four dimension
and none else. Let us see how count for degrees of freedom works in a d dimensional spacetime by separating out the
usual graviton degrees, gauge vector, and scalar degrees in the light of Kaluza-Klein decomposition. Let us envisage
the metric in d dimensions with parametrization: gAB = (gab, gai, gij) where A,B = 0, . . . , (d−1); a, b = 0, 1, 2, 3; i, j =
4, 5, . . . , (d − 1). Then there is the usual graviton gab with two degrees, (d − 4) gauge vector fields with each two
degrees and (d− 4)(d− 3)/2 scalars. One can easily check that they add up to give the correct number of degrees of
freedom d(d − 3)/2. Thus extra degrees of freedom would be (d + 1)(d − 4)/2, which becomes, 3(m − 1)(3m + 2)/2
for d = 3m+ 1.
For seven dimensional Gauss-Bonnet spacetime, extra degrees of freedom include, three gauge vector fields, each
having two degrees and six scalars. So there would appear extra vector and scalar fields which could possibly
distinguish between the usual four dimensional Einstein and seven dimensional Gauss-Bonnet spacetime. However
for a static source in seven dimensions, the metric is orthogonal and thus eliminating all the gauge fields and three
scalar fields, and the remaining three scalars will be washed out on dimensional reduction, θi = pi/2. Despite all this
a comprehensive field theoretic analysis has to be undertaken on the lines of Kaluza-Klein theory [51] before anything
definitive could be said. However, it seems that propagation of gravitational waves or inclusion of matter in the
theory will vote for four-dimensional Schwarzschild spacetime alone, unless existence of matter in higher dimensions
is assumed.
We thus conclude that even though it is difficult gravitationally to distinguish between any two members of the
dimensional spectrum, except for the number of degrees of freedom, raising the question, “Could we have as well lived
in higher dimensions?”, perhaps yes, if matter could have existed there. It possibly points to the fact that gravity
is abundant in complexity and richness of structure that one is never disappointed as one probes deeper and wider.
The present question offers an excellent example of this richness as it coaxes one to wonder, could the universe been
higher dimensional or not? This is an important question that would have broad scientific as well as philosophical
fallout.
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